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ABSTRACT. We consider the behaviour of a continuous super-Brownian 
motion catalysed by a random medium with infinite overall density un- 
der the hydrodynamic scaling of mass, time, and space. We show that, in 
supercritical dimensions, the scaled process converges to a macroscopic 
heat flow, and the appropriately rescaled random fluctuations around 
this macroscopic flow are asymptotically bounded, in the sense of log- 
Laplace transforms, by generalised stable Ornstein-Uhlenbeck processes. 
The most interesting new effect we observe is the occurrence of an index- 
jump from a 'Gaussian' situation to stable fluctuations of index 1 + 7, 
where 7 G (0, 1) is an index associated to the medium. 
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1. Introduction and main results 

1.1. Motivation and background. In order to describe the long-term behaviour 
of infinite interacting spatial particle systems with mass preservation on average, 
limit theorems under mass-time-space rescaling are an established tool. A typical 
feature that can be captured by this means is the clumping behaviour of spatial 
branching processes in low dimensions: In some models, for a critical scaling one 
can observe convergence to a nontrivial field of isolated mass clumps. The spatial 
contraction allows to get hold of large mass clumps in remote locations, and the 
index of mass-rescaling serves as a measure of the strength of the clumping effect, 
quantifying the degree of intermittency. In some of these results a macroscopic 
time dependence can be retained, giving insight in the long-time developments of 
the clumps. For a recent result in this direction, see Dawson et al. DF M02J . 

In higher dimensions one does not expect to observe clumping under mass-time- 
space rescaling, but convergence to a non-random mass flow, the hydrodynamic 
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limit. In this case one can hope to get a deeper understanding from the investi- 
gation of fluctuations around this limit. Such fluctuations were studied by Hollcy 
and Stroock jHSTSJ and Dawson Daw78 , and their results were later refined and 
extended, e.g. by Dittrich |Dit87) . There is also a large body of literature on hy- 
drodynamic limits of interacting particle systems, see e.g. |DMP9l( IKL991 |Spo91| . 
Our main motivation behind this paper is to investigate the possible effects on 
fluctuations around the hydrodynamic limit if the original process is influenced by 
a random medium, which in our model acts as a catalyst for the local branching 
rates. 

In Dawson et al. |DFG89| . fluctuations under mass-time-space rescaling were de- 
rived for a class of spatial infinite branching particle systems in R d (with symmetric 
a-stable motion and (1 + f3) -branching) in supercritical dimensions in a random 
medium with finite overall density. This leads to generalized Ornstein-Uhlenbeck 
processes which are the same as for the model in the constant (averaged) medium. 
In other words, for the log-Laplace equation the governing effect is homogenization: 
After rescaling, the equation approximates an equation with homogeneous branch- 
ing rate, the medium is simply averaged out. The nature of the fluctuations for the 
case of a medium with infinite overall density remained unresolved over the years. 

The purpose of the present paper is to get progress in this direction. Our main 
result shows that a medium with an infinite overall density can have a drastic effect 
on the fluctuation behaviour of the model under critical rescaling in supercritical 
dimensions, and homogenization is no longer the effect governing the macroscopic 
behaviour. In fact, despite the infinite overall density of the medium, we still have 
a law of large numbers under a certain mass-time-space rescaling. But under this 
scaling, the variances (given the medium) blow up, and the related fluctuations do 
not obey a central limit theorem. However, fluctuations can be described to some 
degree by a stable process. 

To be more precise, we start with a branching system with finite variance given 
the medium, considered as a branching process with a random law, where this 
randomness of the laws comes from the randomness of the medium (quenched ap- 
proach). Under a mass-time-space rescaling, the random laws of the fluctuations 
are asymptotically bounded from above and below by the laws of constant multi- 
ples of a generalized Ornstein-Uhlenbeck process with infinite variance. Here the 
ordering of random laws is defined in terms of the random Laplace transforms. The 
generalized Ornstein-Uhlenbeck process is the same as the fluctuation limit of a 
super-Brownian motion with infinite variance branching in the case of a constant 
medium. In fact, the branching mechanism is (1 + 7)-branching, where 7 € (0, 1) 
is the index of the medium. Altogether, the present result is a big step towards an 
affirmative answer to the old open problem of understanding fluctuations in the case 
of a random medium with infinite overall density. It also leads to random medium 
effects which are in line with experiences concerning the clumping behaviour in 
sub-critical dimensions as in DFM02] . 

1.2. Preliminaries: notation. For A G R, introduce the reference function 
(I) cj) X (x) := e~ x ^ for x E R d . 

For / : R d -> M, set 



(2) 



l/U := Wf/M 
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where || • ||oo refers to the suprcmum norm. Denote by C\ the separable Banach 
space of all continuous functions / : R d — > R such that |/|a is finite and that 
f{x)/4>\{x) has a finite limit as |x| — > oo. Introduce the space 

(3) C cxp = C cxp (R d ) := [J C\ 

A>0 

of (at least) exponentially decreasing continuous test functions on R d . An index + 
as in R+ or C+, p refers to the corresponding non-negative members. 

Let A4 = A4(R d ) denote the set of all (non-negative) Radon measures /x on R d 
and do a complete metric on M. which induces the vague topology. Introduce the 
space A^tem = -Mtom(R d ) of all measures fi in M such that (fi, <p\) := Jdfi (f>\ < 
oo, for all A > 0. We topologize this set Al t0 m of tempered measures by the metric 



(4) d tem (A«, v) := d (^,f)+^2 " — v\\/ n A l) for fi, v £ M tcm ■ 

n=l 

Here \fi — v\\ is an abbreviation for (f>\) — {v,</>\}\. Note that Af t cm is a 
Polish space (that is, (AUcm , d t0 m) is a complete separable metric space), and that 
fi n — > \i in Altem if and only if 

(5) (fj, n , tp) — > (fj,, tp) for if e C cxp . 

Probability measures will be denoted as P, P, V, whereas E, E, £ and Var,Var, V&r 
refer to the corresponding expectation and variance symbols. 
Let p denote the standard heat kernel in R d given by 



(6) Pt (x) := {2irt)- d l 2 exp 



2t 



for t > 0, x e 



Write W = (W, {T t )t>o, V x , x € M d ) for the corresponding (standard) Brownian 
motion in R d with natural filtration, and S — {S t : t > 0} for the related semigroup. 
Quantities depending on time t, as p t , S t or solutions u(t, ■ ), are formally set to 
if t < 0. 

Let I denote the Lebesgue measure on R d . Write B(x, r) for the closed ball 
around x £ M. d with radius r > 0. In this paper, G denotes the Gamma function. 

With c = c(q) we always denote a positive constant which (in the present case) 
might depend on a quantity q and might also change from place to place. Moreover, 
an index on c as cv^) or c# will indicate that this constant first occurred in formula 
line (#) or (for instance) Lemma respectively. We apply the same labelling rules 
also to parameters like A and k. 



1.3. Modelling of catalyst and reactant. Of course, there is some freedom in 
choosing the model we want to work with. To avoid unnecessary limit procedures, 
we work on R d and with continuous-state branching as the branching system, 
namely with continuous super-Brownian motion, which is a spatial version of Feller's 
branching diffusion. The branching rate of an intrinsic 'particle' varies in space and 
in fact is selected from a random field to be specified. In this context, it is convenient 
to speak also of the random field as the catalyst, and of the branching system given 
the random medium as the reactant. 
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First we want to specify the catalyst. In our context, a very natural way is to 
start from a stable random measure T on M. d with index 7 £ (0, 1) determined by 
its log-Laplace functional 

(7) - log E exp <r, -<p) = Jdzp^(z) for tp £ C+ p . 

(The letter P always stands for the law of the catalyst, whereas P is reserved 
for the law of the reactant given the catalyst.) See, for instance, |DF92I Lemma 
4.8] for background concerning T. Clearly, T is a spatially homogeneous random 
measure with independent increments and infinite expectation. T has a simple 
scaling property, 

(8) T(kdz) = k dh T{dz) forfc>0, 

c 

where = refers to equality in law. However, T is a purely atomic measure, hence, its 
atoms cannot be hit by a Brownian path or a super-Brownian motion in dimensions 
d > 2. Thus, r cannot serve directly as a catalyst for a non-degenerate reaction 
model based on Brownian particles in higher dimensions. Therefore we look at the 
density function after smearing out T by the (non- normalized) function $1 , where 
■& r := l_B(o,r) j r > 0, that is, 

(9) i*M=-/iW «,(,-„ ta ,e«-. 

In the sequel, the unbounded function T 1 with infinite overall density will play the 
role of the random medium: It will act as a catalyst that determines the spatially 
varying branching rate of the reactant. Once again, smoothing is needed, since 
otherwise the medium will not be hit by an intrinsic Brownian reactant particle. 
In our proofs, the independence and scaling properties of T will be advantageous, 
though one would expect analogous results to hold for quite general random media 
with infinite overall density. 

Consider now the continuous super-Brownian motion X = ^[r 1 ] in M d , d > 1, 
with random catalyst T . More precisely, for almost all samples T , this is a 
continuous time-homogeneous Markov process X = ^"[F 1 ] = (X, P^, \i £ A^tom) 
with log-Laplace transition functional 

(10) - logE^exp (X t , -tp) = (n,u(t, •)) for tp £ C+ p , n£M tcm , 

where u = u[<p, T 1 } = (u(t,x) : t > 0, x £ M d } is the unique mild non-negative 
solution of the reaction diffusion equation 

Q 

(11) g-u(t,x) = \l\u{t,x) ~ gT 1 {x)u 2 {t,x) for t > 0, x£R d , 

with initial condition u(0, •) = ip. Here g > is an additional parameter (for scal- 
ing purposes) . For background on super-Brownian motion we recommend |Daw93| , 
EthOO], or |Per02j . and for a survey on catalytic super-Brownian motion, see e.g. 

|DF02| or |Kle00 |. 

From Dawson and Fleischmann DF83] IDF85| the following dichotomy concern- 
ing the long-term behaviour of X is basically known (although there the phase 
space is 1L d and the processes are in discrete time): Starting from the Lebesgue 
measure Xq = £, the process X dies locally in law as 1 1 00 if d < 2/-f (recall that 
< 7 < 1 is the index of the random medium T 1 ), whereas in all higher dimensions 
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one has persistent convergence in law to a non-trivial limit state denoted by Xoo . 
From now on, we restrict our attention to (supercritical) dimensions d > 2/7. 
We are interested in the large scale behaviour of X. 

1.4. Main results of the paper. Introduce the scaled processes X k , k > 0, 
defined by 

(12) X*(B) := k- d X kH (kB) for f > 0, B C R d Borel. 

This hydrodynamic reseating leaves the underlying Brownian motions invariant (in 
law), and the expectation of the scaled process is the heat flow: 

(13) E M X* = St fi k for X = /* e M tcm . 

In particular, if X is started with the Lebesgue measure I, the expectation is 
preserved in time. We also define the critical scaling index 

(14) x c ■= y-— - > 0. 

1 + 7 

Theorem 1 (Refined law of large numbers). Suppose d > 2/7. Start X with 
k-dependent initial states Xq = /i^. 6 Astern such that Xq = fi G Astern for k > 0. 
If x G [0, xr c ), i/ien 

(15) k*(X?-S t fj) =^ m EF^-law. 

fcfoo 

The refined law of large numbers is actually a by-product of the proofs of our 
main result, as will be explained immediately after Proposition 

In contrast to |DFG89j . in the present paper we use Laplace transforms instead 
of Fourier transforms although fluctuations we are interested in are signed objects. 
This is possible since these fluctuations themselves are deviations from non-negative 
X k , and related stable limiting quantities have skewness parameter ft = — 1, for 
which Laplace transforms are meaningful. 

For x £ R d we put 

f log+flzl- 1 ) if d = 4, 

I l~|4-d 



if d > 5, 



(16) en(a;) := 
and for \x € A^tom > and A > 0, 

(17) En A (^t) := Jfi(dx) <j)\{x) Jn(dy) 4> x {y) en(x - y). 
Note that En x (5 x ) = 00 if d > 3. 

Theorem 2 (Asymptotic fluctuations). Suppose d > 2/7. Start X with In- 
dependent initial states Xq = /i^. e .Mtcm such that Xq = \i 6 .Mtcm for k > 0. 
In ifte case d > 3, suppose additionally that (j, is a measure of finite energy in 
the sense that En\(fi) < 00 for all A > 0. If x = x c , then there exists constants 
c > c > suc/i f/iai for any ipi,...,ip n <G C^ xp and =: to < ti < • • • < t n , in 
P -probability, 



(18) 



n 

limsupE Mfc exp k^(X^. - S^ft, —<Pi) 



< 



exp 



n „ ti n 



1+7 
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(19) 



n 

liminfE Mfc exp[^fc~(x£ - S H fi, -fi) 

i=l 



> exp 



1+7 



Explicit values of c and c are given in (|62[l and (|144f> . respectively. 

Remark 3 (Generalized Ornstein-Uhlenbeck process). The right-hand sides 
of (|18[l and l|19fl are the Laplace transforms of the finite-dimensional distributions 
of different multiples of a process Y taking values in the Schwartz space of tempered 
distributions. This process Y can be called a generalized Ornstein- Uhlenbeck process 
as it solves the generalized Langevin equation, 

(20) dY t = |Ay t dt + dZ t for t > 0, Y Q = 0, 

where dZ t /dt is a (1 4- 7)-stable noise, i.e. Z is the process with independent 
increments with values in the Schwartz space such that, for < s < t and ip <E C^~ xp , 

(21) Ee -(z t -Z s ,<p) = cxp T f dr (S r ^,ip 1+1 ) 



Y is described in detail in DFG89, Section 4], where it appeared as the hydrody- 
namic fluctuation limit process corresponding to super-Brownian motion with finite 
mean branching rate, but with infinite variance (1 + 7)-branching. Recall that the 
Markov process Y has log-Laplace transition functional 

(22) - log E {exp (Y t , -<p) \ Y Q } = <y ,S t <p) + (fx, v(t, ■ )) for <p e C+ xp , 
where v — v[<p] — {v(t, x) : t>0, x £ R d } solves 

§- t v(t,x) = ±Av(t,x) + (S t <p) 1+ T (x) 

with initial condition v(0, • ) = 0. 

In particular, in our limit procedure the finite variance property of the original 
process given the medium is lost and, by a subtle averaging effect, an index jump 
of size 1 — 7 > occurs. O 

Remark 4 (Ordering). The stochastic ordering of the random laws in our 
asymptotic bounds in (|18fl and i|19|) is well-known in queueing and risk theory, 
see |MS02| for background. <> 

Remark 5 (Existence of a fluctuation limit). Theorem [5] leaves open, whether 
a fluctuation limit exists in P-probability and whether it is a generalised Ornstein- 
Uhlenbeck process as described above. O 

Remark 6 (Variance considerations). In the case fit* = ^ 101 f <= C cxp , the 
P-random variance 

(24) Var £ [k"{X k t - S t fi, ip)] = k 2 *War e (X*, ip) 

rk 2 t 



2gk 2 *- 2d J ds JdxT 1 (x)[S k 2 t _ s ip(k- 1 -)] 2 {x) 
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equals (by scaling) approximately 

(25) 2gk 2x-2d+2+d/ 1 I ds j T {dz)[S s ip\ 2 {z) asfctoo. 
Hence, for x satisfying 

(26) < x < x v 



(2 7 -l)d-2 7 



-var 



27 

implying 7 6 (h, 1) and d > 27/(27 — 1), the random variances 1(24(1 converge to 
zero as fc f 00, yielding the refined law of large numbers (|15J) . whereas for x > x var 
these variances explode. Note that x val < x c , since (7 — — 27) < 0. Therefore 
a quenched variance consideration as in i(24() can only imply statement l)15|l in the 
restricted case 1(26(1 . Of course, annealed variances are infinite already for fixed fc, 
which follows from ((24(1 . <> 

1.5. Heuristics, concept of proof, and outline. For this discussion we first 
focus on the case n = 1 in Theorem From (|10J) . and scaling, 

(27) logE„ fc exp[-fc*(X t fe -S tAl ,^)] = (/x, *c*S t p - u k (t, ■ )), 

where u k solves the (scaled) equation 

^-u k {t,x) = %Au k (t,x) - fc^r^fcx)^^) 

with initial condition itfc(0, ■ ) = fc*^. 
Since u(i,a;) := k^Stp (x) is the solution of 

(29) —v(t,x) — ^Av(t,x) with initial condition v(0, ■)=k*<p, 

we see that f k (t, x) := k^Stp (x) — u k (t, x) solves 

^fk(t,x) = \Mk{t,x) + k*- d Q T l {kx) [k*S^(x)-f k (t,x)] 2 

with initial condition /fc(0, • ) = 0. 

Consider now the critical scaling x = x c . By our claims in Theorem [21 /fc 
should be asymptotically bounded in P-law by solutions v of 

(31) J^*'*) = IM*.*) + c(^) 1+ ^(x) 

for different values of c. Consequently, in a sense, we have to justify the transition 
from equation 1)30(1 to the log-Laplace equation 1(3 ljl corresponding to the limiting 
fluctuations, recall l(23|) . Here the a: 1— > r 1 (fcx) entering into equation l(3U() are ran- 
dom homogeneous fields with infinite overall density, and the solutions f k depend 
on r 1 . But the most fascinating fact here seems to be the index jump from 2 to 
1+7, which occurs when passing from 1(30(1 to 1(31(1 . Unfortunately, we are unable to 
explain this from an individual ergodic theorem acting on the (ergodic) underlying 
random measure T. 

We take another route. For the heuristic exposition, we simplify as follows. First 
of all, we restrict our attention to the case ip(x) = 9 corresponding to total mass 
process fluctuations. Clearly, we have the domination 

(32) < u k {t,x) < k*6. 
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Replacing one of the Uk(t, x) factors in the non-linear term of Ij28(l by k^Stf (x) = 
9, and denoting the solution to the new equation with the same initial condition 
by Wk , then Uk > Wk , and we can explicitly calculate Wk by the Feynman-Kac 
formula, 



(33) 



Wk(t,x) 



k* 9 £ x exp 



„2-d 



ds gT 1 (kW s )k >< 9 



For the upper bound l|18|) , we may work with Wk instead of Uk ■ It suffices to show 
that (n, k^St^p — Wk{t, •)) converges to (fi, v) in L 2 (P), where v is the solution to 
(pTTJl with constant c = c. We therefore show that the P-expectations converge, 
and the P- variances go to 0. In this heuristics we concentrate on the convergence 
of E-expectations only, and we simplify by assuming /i = 8 x (although formally 
excluded in the theorem by H17fl if d > 3 ) . We then have to show that 



(34) Ek" 9 £ x [1 - exp 
By definition © of T 1 and of T 



- k 



2-d+x , 



ds gT 1 (kW s ) 



k] oo 



tc9 1+1 . 



the left hand side of 134fl can be rewritten as 



(35) 



k* 9 £ x 1 - E exp 



k* 9 £ x 1 - exp 



T(dz) k 



2-d+>c 



ds $i(kW s - z) 



.fc(2-<i+*h+d {gpp L z ( 



ds 1, 



)(W S ) 



We may additionally introduce the indicator l{ r <t} where r = T^ k [W) denotes 
the first hitting time of the ball B(z, 1/k) by the path W starting from x, and we 
continue with 



k*6£ x 1-exp 



ds 1 



Now we look at the f^-expectation of the exponent term. As the probability 
of hitting the small ball B(z,l/k) is of order k 2 ~ d , and the time spent after- 
wards in the ball is of order fc~ 2 , the expectation of the exponent term is of order 
fe{-d+x)~f+2 _ fe-x converging to zero as k ] oo. Hcuristically this justifies the 
use of the approximation 1 — e~ x w x. Note that then the leading factor is 
cancelled, and we arrive at a constant multiple of 9 1+ ~< . 

According to this simplified calculation, the index jump has its origin in an 
averaging of exponential functionals of T [as in Q], generating a transition from 
9 to 9 1 . Note that the smallness of the exponent is largely due to the presence 
of the indicator of {r < t}. This fact is also behind our estimates of variances in 
Section l3~31 

We recall that the simplification Uk Wk which we used in the upper bound 
is basically a linearization of the problem, that is we pass from the non-linear 
log-Laplace equation (|28|l to the linear equation 

(36) -Q t w k{t,x) = \Aw k {t,x) - k 2 - d Q T 1 {kx)k*9wk{t,x) 

with initial condition Uk{0, ■ ) = k*9. 

In the case of a catalyst with finite expectation as in |DFG89| . this linearization 
was a key step for deriving the limiting fluctuations. The difference between Uk 
and Wk was asymptotically negligible. But in the present model of a catalyst of 
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infinite overall density, this is no longer the case. In fact, Uk(t,x) — u>k(t,x) docs 
not converge to in P-probability. Therefore, our upper bound is not sharp. 

For the lower bound, we replace u\ in l|28|) by w\ , and denoting the solution to 
the new equation with the same initial condition by rrik ■ Then 

k*6-u k (t,x) > k*6-m k (t,x) = k 2 - d g£ x [ dsT 1 (kW s )w 2 k {t- s,W s ). 

Jo 

Inserting for Wk the Feynman-Kac representation (|33[) we arrive at an explicit ex- 
pression. Similarly as above, we then show that (/x, k^Sttp — rnk{t, •)) converges to 
(fi, v) in L 2 (P), where v is the solution to (|31[1 with constant c = c. 

The structure of the remaining paper is as follows. After some basic preparations, 
in Section |21 we concentrate on the upper bound, whereas the lower bound follows 
in Section 0] 



2. Preparation: Some basic estimates 

In this section we provide some simple but useful tools for the main body of the 
proof. For basic facts on Brownian motion, see, for instance, |RY91j or [KS91 . 

2.1. Simple estimates for the Brownian semigroup. We frequently use the 
argument (based on the triangle inequality) that, for n > and s > 0, there exists 
C |57| = cj27}(?7, s) such that for all x, 

(37) J dy 4> v (y) p s (x - y) < tf> n (x) Jdy e^ x ^ p s (x - y) = egg tf> n (x). 

For a while, let t > and if G . Recall that (s, x) t— > S s (p (x) is uniformly 
continuous, hence for any e > one may choose S > such that, for r,s£ [0, t] and 
x,y € R d , 

(38) \Srv(x)-S s cp(y)\ < e if \r - s\ < S, \x - y\ < 5. 
For convenience we expose the following simple fact. 

Lemma 7 (Brownian semigroup estimate). There is a -^j= -^v^ f) > an d 

a constant <^ = <QlA ¥>) such that, for every x G M. d , 



(39) 4>(x) := sup sup S s (p (y) < <m(j)*Jx). 

0<s<t yeB(x.l) L- 1 LI 

Note that in all dimensions, for each A > 0, 



(40) sup dz <f> x (z) \z - x\ 2 - d < oo. 

x£M d J 

In fact, on the unit ball B(x,l), use that Ji^^dz \z\ 2 ~ d < oo, and outside this 

ball, exploit \z - x\ 2 - d < 1. 

We continue with the following observation. 

Lemma 8. Let d > 5. Then, for some constant <g| and all x, y G M d , 

(41) Jdz\z-x\ 2 - d \z-y\ 2 - d = <ft\x-y\^ d = <ftea(x-y). 
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Proof. Clearly, using the definition of the Green function as an integral of the 
transition densities, 

/!• POO POO 

dz \z-x\ 2 - d \z-y\ 2 - d = c Jdz J dsp s {z-x) J dtp t (z-y). 

Interchanging integrations, using Chapman-Kolmogorov, substituting, and inter- 
changing again gives 

POO POO 

(43) = c dttp t (x-y) = c\x-y\' i - d dttp t {i) 

Jo Jo 

with l any point on the unit sphere. The latter integral is finite since d > 4, 
finishing the proof. □ 

In dimension four, the situation is slightly more involved. 

Lemma 9. Let d = 4 and A > 0. Then, for some constant <^ = ^(A) and all 

.x,yeK 4 , 

(44) Jdz Mz)\z-x\- 2 \z-y\- 2 < (^[l + log+(|z - yl" 1 )] . 

Proof. If \x — y\ > 2, then the left hand side of (|44|l is bounded in x, y. In fact, 
for z in a unit sphere around a singularity, say x, we use \z — y\ > 1 and H40J1 . 
Outside both unit spheres, the integrand is bounded by <j)\ . 

Now suppose \x — y\ < 2. We may also assume that x ^ y. As in the proof of 
Lemma |H1 the left hand side of 144|) leads to the integral 

POO POO P 

(45) ds dt dz cf)x(z)p s (z - x)p t (z - y). 
Jo Jo J 

First we additionally restrict the integrals to s,t < \x — In this case, we 

drop (j)\(z), use Chapman-Kolmogorov, substitute, and interchange the order of 
integration to get the bound 

r^^-vr 1 P2\x-y\- 3 

(46) / dttp t (x-y) < / dtt Pt {i) < c[l + log (\x~y\- 1 )]. 



To see the last step, split the integral at t = 1. To finish the proof, by symmetry 
in x,y, it suffices to consider 

POO POO P 

(47) / ds / dt Idz <t>\(z)p s {z - x)p t (z - y). 

Jo J\x-y\- x J 

Now, by a substitution, 

POO POO 

(48) / dtp t (z-y) < \z-y\~ 2 I dt ct~ 2 = c\x - y\ < 2c. 

J\x-y\~ x J\x-y\-i\z-y\- 2 

Plugging H48|) into (|47() and using the Green's function again gives the bound 

(49) c sup dz <px(z) \z - x\~ 2 , 

xeR 4 J 

which is finite by (001 ■ D 
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2.2. Brownian hitting and occupation time estimates. Further key tools 
are the asymptotics of the hitting times of small balls. Recall that r = Ty k [W] 
denotes the first hitting time of the closed ball B(z, 1/fc) by the Brownian motion 
W started in x. The following results are taken from |LG86| . see formula (Oa) and 
Lemma 2.1 there. 

Lemma 10 (Hitting time asymptotics and bounds). Suppose d > 3. Then 
the following results hold. 

(a) There is a constant c |^| , which depends only on the dimension d, such 
that 



(50) 



V x (r<oo) < egg k z ~ d \z - x\ 2 ~ d forx,z£R d . 

(b) There are constants cj^ and Aj^ > 0, depending on d and t > 0, such 
that for x, z £ R d , 

(51) k d - 2 V x (r<t) < c^[\z-x\ 2 - d + l]c^p[-X m \z-x\ 2 ]. 

(c) The following convergence holds uniformly whenever \x — z\ is bounded 
from zero, 

(52) lim k d ~ 2 V x (T<t) = cjT^l / dsp s {z — x) for z ^= x, 

feToo ' • J Q 

where c [^| :— ^q( 2 J/2) (and G is the Gamma function). 

(d) Finally, writing t % := T*j k [W] for i — 1,2, there are constants cj^jj and 
A > 0, depending on d and t, such that for x, z £ R d , 

V x (n <r 2 <k 2 t) 



(53) 



: c 



■A-2d 



(\( Zl -x)/k\ 2 d + l) 



exp 



AjS3j|(^i - x)/k\ 



x [\ t {z 2 - zi) / k\ + lj exp - A|53i|(z 2 - Zi)/k\ 
The following lemmas are all consequences of Lemma ITU1 

Lemma 11. Let d > 3. Fix ip S C^ p , r\ > 0, and t > 0. Then there are constants 
( JJJ\ and \fj\ such that for x, z £ R d , 

E xV {W t )\ {T < t} (k 2 f ds MkW s - kz)J 



(54) 



< mt 2 ' d ^ z ^ W z - x ^ d + J ] exp - *H • 



Proof. Initially, let tp be any non-negative function. Using the strong Markov prop- 
erty at time r, 

£MW t ) l {T <t} (k 2 ^ ds d^kWs - kz)J 
(55) £ x <p(W t )l< T . <!(/■•- / ds A-:)) T T 



£ x <p{W t ) l {T < t} ^|(fc 2 ^ ds $!(kW s - kz)J 
£ x <p(W t )l {T < t} g(T,W T ), 
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where 

nt-l 



(56) g(r,y) := £ y (k 2 j ds $ x {kW 8 - kz)J 
for < r < t and y e dB(z, l/k). But, 

(57) g{r,y)<£ y U ds $x{kW k - 2s - kzjf '= £ ky U ds $ X {W 8 - kz)J '. 



■» 2 - d \z - x\ 2 -\ 



Note that the right hand side is independent of k,z,y (in the considered range 
of y), and finite since in d > 3 all such moments are finite. Consequently, there 
is a constant c such that g(r,y) < c. If now <p S C,^, , by the strong Markov 
property at time r, 

(58) £ s (p(W t ) l{r<t } - Sxl{T<t}£wMWt-T) < V x (T<t)<j>^z), 
using l|39|) in the second step. By l|51(l . 

(59) P K (r<t) < cjgTjfc^Oz-xl^ + ljexpf-Aj^jIz-^l 2 ]. 

The result follows by combining (|58|l and l|59(l . □ 

Lemma 12. Let d > 3. Fia; 77 > 0, 93 € C^. p , and t > 0. TTien i/iere is a constant 
< JYJ£ such that 

(a) £ x (^k 2 J^ds'd 1 (kW s ~kz)J < <ffgk 2 
for all x, z £ M. d and k > 1. 

(b) Jdz £MWt)l{r<t}(k 2 J^dsMkW s -kz)J < <^ 2 - d <t»Ux), 

for all x eR d and k> 1. 

Proof. The proof of (a) follows from (|55|l for 99 = 1 and l|50|) . the proof of (b) by 
integrating (|54|l and applying (|37J) . □ 

3. Upper bound: Proof of (fT%|) 

3.1. Anderson model with stable random potential. As motivated in Sec- 
tion ^31 w e look at the mild solution to the linear equation 

§t«>k(t,x) = ±Aw k (t,x)-k 2 - d g r 1 (kx)k 3t S t <p(x)w k (t,x) 

with initial condition w k (0, ■ ) = k*ip. 

This is an Anderson model with the time-dependent scaled stable random potential 
— k 2 ~ d gT 1 (kx) k*St<p (x). We study its fluctuation behaviour around the heat flow: 

Proposition 13 (Limiting fluctuations of w k ). Under the assumptions of The- 
orem® if x — x c , then for any if £ C^ xp and t > 0, in P -probability, 

(61) (n,k"S t <p-w k (t,-)) — ► cU, j dr 5,.((5 t _ r ^ 1+ T)), 

k 7°° \ Jo ' 

where the constant c = 5(7, g) is given by 

(62) s: =^4^</ o 

where 1 is any point on the unit sphere of WL d . 
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To see how the case n = 1 of Ijl8(l follows from Proposition^!! we nx a sample T. 
For ip G , we use the abbreviation 

(63) <p k {x) := <p(x/k) for k > 0, x G M d . 

Formulas fRTjl and $T2$ give 



log E„ fc exp 



k"((X?,-<p)-{StH,-<p)) 



(64) 



= log'Eu fc exp 



(Xv u -k"- d <p k )+k"(S t iJi,<p) 

= -(ti k ,v k (k 2 t))+k*(S t ti,v) = (^k"S t y)-(ii k k ,k d v k {kH,k-)), 
with Vk the mild solution to (jl 1|> with initial condition v k (0) = fc^" d ^ fc . Setting 

(65) u k (t,x) := k d v k (k 2 t,kx) for t > 0, x G R d , 
it/, solves 

(66) u k (t,x) = k"S t <p(x) - k 2 - d g f ds S s (T\k • - s, ■))(*)• 



Recall that this can be rewritten in Feynman-Kac form as 
k*S t tp (x) - u k (t, x) 

(67) 



= k*£MWt)[l-exp[-k 2 - d Qj ds V 1 {kW u k (t - s ,W s ) 
Using u k (t— s, W s ) < k^St-sf (W s ) in 1)67(1 . and the Feynman-Kac representation 



(68) w k (t,x) := k*£ x <p(Wt)exp 



■„2-d , 



dsr 1 {kw s )k*s t ^ s <p(w 3 ) 



we arrive at 

(69) < k"S t <p(x) -u k (t,x) < k*St<p(x)-w k (t,x). 

Hence, the case n = 1 of ((18(1 follows from Proposition 

Proposition is proved in two steps: In Section EQ1 we show that the expecta- 
tions converge, and in Section l3.3l that the variances vanish asymptotically. 

3.2. Convergence of expectations. 

Proposition 14 (Convergence of expectations). Let x = x c . There exists a 
^ J"m > such that for every e > there is a f ^J^\ — ^f]fa £ ) > with 



(70) 



E(k"S tV >(x)-w k (t,x))- c / dr Sr(St-r<p) 1+ ~<(x) 



< eo 



X) 



for x G R d , k > / p^j , where 



c is as in 



Theorem ^ immediately follows from this proposition. Indeed, turning back to 
the situation x < x c , note from ((64(1 (which holds for general x) that 

(71) log E Mfc exp[^(X t fe - Stu, -if)] = <M, k"St<p - u fc (t, ■)) > 0. 

It suffices to show that the right hand side converges to zero in i x (P). Using 1(69(1 . 

(72) E(/x, fc"^ - u k (t, ■ )) < E(/x, fc-Si^ - u> fc (t, • )), 



14 FLEISCHMANN, MORTERS, AND WACHTEL 

where Wk from Ij68(l is defined using the critical index x c . By Proposition lf 41 which 
does not require the finiteness of the energy, the expectation on the right remains 
bounded, implying the statement. 

The rest of this section is devoted to the proof of this proposition. Recall that 
x equals h c , which is defined in (|14() . The proof is prepared by six lemmas. In all 

i/fe[ 

1/fcL 



these lemmas, t = T^ k [W] denotes the first hitting time of the ball B(y, 1/k) by 
the Brownian motion W, and tt x the law of T-f/jJl 7 ^] if W is started in x. 



Lemma 15. There exists a constant <Q3|> such that 

k d - 2 Jdy £ x l T < t E w MWt~r)(k 2 jf^ ds d 1/k (W s - y) <t>^y) 
(73) < <^'P {1 ^ d/2) <j>~,^x) for M > 1, fc > 0, x e M d . 

Proof. Note that, for any i £ dB(0, 1), by Brownian scaling, 



£ L/k k z ds$ 1/k {W s ) = £ t / dstfi(W.) 

JM/k 2 JM 



(74) 



/» CO /> /"OO 

/ dsP t (|W.|<l) < / / dsp s (y) < c m M x - d l' 2 . 

JM J\v\<l JM 



We now use <p < c, Jensen's inequality, fT^ . J^U, an d to get 

fc^ 2 ^ £ x l T < t £ Wr <p(W t _ T )(k 2 ^ ds d 1/k (W s - y)^y)] 
(75) < ck d - 2 Jdy ^^y)£ x l T < t £ L/k (k 2 J^^^ds $ 1/k (W s )J 

< cATWQ fdy^y)[\x-y\ 2 - d + l]exp[-\x-y\ 2 /W] 

This is the required statement. □ 
Lemma 16. For every 5 > 0, there exists a constant < fTb] = ' TfflL ^) > such that 



(76) £MW t ) 



dy(f ds MkW s - y) St- S y {W s )j 



for all x £ R d and k > 1 . 
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Proof. Using Brownian scaling in the second, substitution and (|39|1 in the last step, 
we estimate, 

SMWt) J d v(J o ds$ 1 {kW s -y)S t - s v{W s ) 

< \W\\oo J J d yi dy 2 e *n(J Q ds MkW a -yi)St- a <p(W a ) 
= IMU JJdyidy 2 £ o Y\ ( J ds ^i W k 2 s + kx - yt) S t - a <p {\W k 2 s ) 

p p 2 pk 2 t 

(77) < k-^ J J d yi dy 2 £ oJ[(j dsMWs-yJHVi/k + x)) 1 - 

To study the double integral, denote by T\ , t 2 the first hitting times of the balls 
B(yi,l) respectively B(y 2 ,l) by the Brownian path W. Pick p > 1 such that 
2d + 2(2 - d)/p < 4 + S, and q such that l/p+ 1/q = 1. By Holder's inequality, 



s J] ( f ds Mw s - k) 4>(yi/k + x)J < [p (n < k\ t 2 < kh)] 



(78) 



i=i 



ds Mw s -yi)4>(yi/k + x) 



For the second factor on the right hand side we get, using Cauchy-Schwarz, and 
the maximum principle to pass from yi to 0, 



2 -oo 



79 



1=1 

2 



1/9 



(79) 



2 7 <A 



< ( /P(y 1 /k + x)f(y 2 /k + x)[S [ / ds ^(W s ) 



1/29 



279 



1/'/ 



Recall from Lemma |l2f a) that the total occupation times of Brownian motion in 
the unit ball in d > 3 have moments of all orders. Hence, the latter expectation is 
finite. 

By l|53|) using substitution in the y-variables, 

ld yi dy 2 fr(yi/k + x)fr(y 2 /k + x) [V (n < k\ t 2 < k 2 t)f /p 

< c\^k 2d+2 ^- d ^ Jd yi r(yi + x)(\ yi r d + if p eM-\yi\ 2 /(^p)} 

x Jdy 2 fr(y 2 + x)(\y 2 \ 2 - d + lf /p exp[-|y 2 | 2 /(16p)] 
(80) < c m k A+s cP 1>n ^x), 

using (|37|l in the last step. Plugging l|80|) into (|77l) completes the proof. □ 
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Lemma 17. For all e > there exists S — 5(e) > and ffFl\ — ^\T% £ ) > ®> 

that 

k d ~ 2 Jaly £ x lt-8<r<t£w T (k 2 J ds ti 1/k {W s - y) S t - T - S <p {W s )^ 
(81) < £(j) 1 )^x) for k > AjJ^j and x € R d . 

Proof. For any 5, M > we have, 



such 



t — T , „ 



k d ~ 2 Jdy £ x lt-s<r<t£w\k 2 J ds<d 1/k {W s -y)St- T - s y{Ws) j 

f , rM/k 2 _ 7 

(82a) < k d - 2 Jdy <j> 1 y^y)£ x l t - S <T<t£w\k 2 J ds $ 1/k (W s - y)J 

(82b) + k d ~ 2 Jdy ^^y)£ x l T < t £ WT (k 2 J^^ds & 1/k (W s - y)J . 

We look at (|S2b|) and choose M such that this term is small. Indeed, the inner 
expectation in l|82bf) can be made arbitrarily small (simultaneously for all k and y) 
by choice of M. Hence we can use (|51|l to see that this term can be bounded by 



We : 



x), for all sufficiently large k, by choice of M (and independently of 5). 



look at (|82a|) and choose 6 > such that 

( 83 ) c Ea M7 ^" s ds J d v ( t > i^.y)ps(y - x ) < ^-y^f x )- 



The term l|82a|) can be bounded from above by 

(84) NPk d ~ 2 J dy ^y^y) tt x [t -5,1]. 

By there exists A C K d and frj7|> such that, for all x — y € A and k > J fpfl 

(85) fc* -2 ^ - d,t] - CJ52J / dsp s {y~x) < e [ dsp s (y-x) 
and 

(86) J dz[|z| 2 - d + l]exp[^jz|-|z| 2 /16] < e. 
We can thus bound ifMjl . for all k > /fry|and x € M d by 

M^k d - 2 Jdy (t> 7) ^y)TT x [t-S,t] < cf^W J dy^^fy) J t dsp a {y-x) 

+ eM^ Jdy cb^y) jf dsp s (y-x) + AT J dy 4>^y) k^w^t}. 

By (|83|l the first term is bounded by efi^jndx), as is the second term. For the last 

term we use the upper bound f5T|l for k 2 ^"K x [0,t] and then ffify to see the upper 
bound of £0 7 ^j|(x) . □ 
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Lemma 18. For every M > 1 and e > 0, there exists a = Iffg^M, e) > 
such that 



k d - 2 g~< Jdy S x l T < t £ w MWt-r) (fc 2 J 

f M/k 2 

-{k 2 ds# 1/k (W s - y )S t - T <p(y) 



rM/k 2 

ds# 1/k (W 8 -y)St-T- s <p(W s )) 



< £0 7 ^(x) for k > x £ 



Proof. Recall that |a 7 - 6 7 | < |a - b\~* . We use (EBJ) to choose /jjg]> 1/M such that 

(87) \S rV >(x)-S s ^(y)\<e 1 ^ if |r - s\ < M/Zjjgj, |z - y\ < 
Hence, for all > /f[%|and i£l <i , 

k d - 2 g~< Jdy E x l T <t£wMWt-r) [k 2 I ds# l/k (W s -y)S t -r-s<p(W s )) 

f M/k 2 _ 

-(fc 2 y dsi?i/fc(W a -tf)5t_ TV (tf)J 

< k d ~ 2 Q ~t Jdy B x l T < t B w MWt~T)[k 2 J dsd 1/k (W s -y) 

x |s t _ r _^(wg-s t _ r <p(wg 

< ek d - 2 g~< jdy E x l T < t E w MWt-r)[k 2 J ds§ l/k {W s -y) 
To complete the proof use Cauchy-Schwarz, J2HJ), f5l|) . and IpTTj) . to get 



fc d - 2 ldy£ x l T<i 



M/k 2 



EwMWt-r)(k 2 / J? 1/fc (W- s - y)) 



< 



k d ~ 2 Jdy E x \ r < t {Ew^iWt-r)) 



1/2 



'£w T (/ 



M/fc 2 



<fe Vfc (W.-y) 



2l 



(88a) 
(88b) 



■ n dsMWs)) 



1/2 



1/2 



< 
< 



< cgggfc^ 2 jdy cj)^jpj)£ x l T <t 

c^M J d V 4>>flfv) [Iz - 2/| 2 ~ d + 1] exp[-\x~y\ 2 /16] 

This gives the required statement. □ 

Lemma 19. Let M > 1 and <^ = CfiT^M) := £ L {(f™ds -^(V^)) 7 } /or t g 
<9_B(0,1). For every e > i/iere exists a / fj^| = I fJT^ s, M) > swc/i i/iat, /or aZZ 
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k > /{jg and x e Rd > 

fc d "V Jdy £ x lr<t(S t -r^(y)y 



, f M / k - S7 

x £w T (k 2 dsi} 1/k (W s - y)j £^ <p(W t - T -M/k') ~ <TWft-rf (y) 

J o 



Proof. In a first step we note that, by Brownian scaling, 

rM/k 2 . 7 - 

dsd l/k (W s - y)\ (p(W t _ T _ M /k 2 ) 



£w T (k 2 



= £o\k 



M/k 2 



dsd 1/k (\W sk 2 -y + W T )j £ WT+ i^ M ip(W t ^ T _ M /k 2 )- 

The main contribution to this expectation is coming from those W with Wm < Vk- 
Indeed, the remaining part of the integral can be estimated by a constant multiple 
of M 7 Vo{Wm > Vk}, and we can estimate (with cjggj depending on M) 



k d - 2 j dy £ x (l T < t (St-rV (y)f ) M 1 Vo(W M > Vk) 

(89) < c m e~ k ' 2M J dy <j>^y) [\x - y\ 2 ~ d + l] expf^jx -y\-\x- y\ 2 /W] 

< £(t>j)^x), 

for sufficiently large values of k, recalling i|51[) and (|37|l . 

In the next step we use (|38H to choose k large enough such that 

(90) \S r ip (w + z)- S s (p {y)\<£ if \r-s\< M/k 2 , \z\ < 1/Vk, \w - y\ < l/k. 
Using this, 

k d ~ 2 



dy £ x l T < t (St- T <p(y)y £wAw M <s/K ( k2 J 

£. 



M/k 2 

ds# 1/k (W s -y)) 



ip(W t - T -u/k 2 ) ~ £y(p(W t - T ) 



< ek a 



dy 4>i^jpj) £xi T <t£ 



< e J dy (j)- l y^y)k d - 2 V x (r < t) £ 

and the last line is < £0 7 >— (a;) by f5l)l and 

Now it remains to observe that, by Brownian scaling 

dy £ x l T < t {St- T ip (y)) £wJ k 



M/k 2 

dsd 1/k (W s -y)) 



dstixiWs 



■d-2 



dsd 1/k (W s -y)) £ vV {W t - T ) 



dy £ x l T < t (S t - T tp{y)) 1+1 £ k w T (^J ds$i(W a -y)^ . 

For y ^ B(x, l/k) the inner expectation is constant and equals < fi7fl The contribu- 
tion coming from y 6 B(x,l/k) is very easily seen to be bounded by a constant 



multiple of k 



(x). This completes the proof. 



□ 



FLUCTUATIONS UNDER A STABLE CATALYST 



19 



The following lemma is at the heart of our proof of Proposition Recall that 
ir x denotes the law of t = T^ k [W] for W starting in x. 

Lemma 20 (A hitting time statement). For every e > there exists a = 
t figfl^ e) > such that 

hd 2 I dy l ^( ds K 5 *-^(y)) 1+7 - c El/ ds Ss(s t s<p) 1+1 (x) 

< ec/)^x) for x eR d , k > I fiffl . 

Proof. Fix e > 0. Recall that (s, y) <— > S s ip (y) is uniformly continuous and 
bounded, and that there exists R > (dependent on e) such that (S s (p (y)) 1+7 < 
for all < s < t, \y\ > R. We can therefore choose = to < ■ • ■ < t n — t 

such that, for all tj < r,s < tj+i and y € M. d , 



(91) 



(92) 



{Stsv (y)) 1+7 - (St-rv (y)) 1+7 < eWi/) 



1+7 



Using (|52")l we may find /j^such that, for all k > 



(93) 



k ir x [tj,tj+i] 



dsp s (x,y) 



< ek d - J Tr x [tj,t j+1 } 



for all < j < n — 1 and all x — y G A, where 4cl' i is a set with 
(94) / dz[\z\ 2 ~ d + l]ex-p[)fiiz\~\z\ 2 /16] < e. 

J A" 

Now we show that for all x £ R d , and k > I fflft 

k d ~ 2 



(95) 



dy I n x (ds)(S t -sf{y)) 1+ '' 

< cmj/ 3 {SsiSt-^+^W+e^x). 



Indeed, using and (|§3J), we can estimate 
k d - 2 fdy f ir x (ds)(S t - s <p(y)) 1+1 

« n— 1 



d-2 



j=0 



(96a) 
(96b) 
(96c) 



< 



dy^ [(St-t^iytf^ + etUy) 



dsp s (x,y) 



dyJ2 [{St-t,<P (y)) 1+7 + e4>)Uy) k d -\ x {t h t j+1 

3=0 



.r+A' 



dyJ2 [(S t _ t ^(y)) 1+7 +e<Wy)j ^"Vfe, 
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We give estimates for the two final summands, the error terms. The term l|96b(l 
can be estimated, using Ij51|l . by 

~ n— 1 

ejdyY^[(St- tj v(y)f +y + ecP^y)]k d - 2 K x [tj,tj+i} < ^ejdy ^y)k d ' 2 n x [0,t} 



3=0 



< 



2 "EJ Jdy 4»flfv)[\x - y\ 2 - d + l] exp[ - \x - y\ 2 /l€\ 



(97) < ecjgjj^Wic). 

The error term (|96c[l can be estimated as follows, 

n-1 



dy ]T [{S t . t] ip{y)) 1+1 + £<Wt/)] fc^VrMi+i] 

^ C ED / +Ac ^ ^^[N - v\ 2 ~ d + !] cx p[ - 1* - yl 2 /ie] 

(98) < egg, <^x) jf ^ [|x - y\ 2 - d + l] exp[^jx - y\ - \x - 2/| 2 /16] , 

and the integral is smaller than e by l|94|) . For the first summand, the main 
term (|96a|l . we argue that 



(99) Jd y J2 [(St-t^(y)) 1+7 + E<P^y)] dap.{x,y) 



3=0 

< 



dy J d S [{S t - s v{y)) 1+1 + 2ecf> ) ^y)} Ps (x,y) 
< J d S S s ((S t - s <p(x)) 1+ i)+2E Jdy^y) J ds Ps (x,y). 



we 



The last summand is again bounded by a constant multiple of eipyrdx). Hence 
have verified (|9"5)l and by the analogous argument one can see thatTfor all k > fora 

and x € K d , 

k d - 2 Jdy j\ x (ds){S t ^{y)) 1+1 > c^J ds (S s (S t ^cp) 1+ -<) (x) - e </>^x). 

This completes the proof. □ 
Proof of Proposition [21 Recall from i|68|) that 
E(fc 3< 5 t yj (x) - w k {t, x)) 



- k 



2-d+x , 



g / dsT 1 (kW s )S t - s ip(W s ) 



(100) = k H E£ x ip(Wt)\l-exp 
We use (J7J) to evaluate the expectation with respect to the medium. 

(101) Ek*£ x ip(W t )(l-exp\-k 2 - d+ * g f dsT 1 (kW s )S t - s cp(W s ) 



k*£ x <p(W t ) 
x ( 1 — exp 



fct 2 +*- rf V fdy( j ds MkW s - y) S t ^ s ip (W S )J' 
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We now compare (|101l) to 

(102) fc~£^(Wi)* (a+ * _<i V [dy( { ds MkW s - y) St-MW.)j 



Clearly, 

(103) x - x 2 < 1 - e~ x < x for x > 0. 

By the second inequality, the term (|102Jl is always an upper bound for l|101(l . On 
the other hand, by the first inequality and Lemma 1 161 the difference is bounded 
from above by a constant multiple of 

k*£ xV {W t )0 2+ *- d ^\ [dy( f ds V l {kW s -y)S t - sV {W s )) 1 ] 2 

(104) l J Wo > J 

Note that the exponent is negative iff cf^ > 2 + S[l + 7], hence choosing 8 > 
sufficiently small justifies the approximation of 11U1I) by (|102ll . 

Recall that r = r^ k [W] denotes the first hitting time of the ball B(y, 1/k) by 
our Brownian motion W started in x. Now note that H102(l equals 

(105) fc d "V Jdy £ x \ T < t £w T v{Wt-r)(k 2 j ds d 1/k {W s - y) S t - T - sV {W s ) 

where the strong Markov property was used and the value for x was plugged in. 
By Lemma El we ma Y choose (and henceforth fix) a value M > 1 such that con- 
tributions to the innermost integral coming from s > M/k 2 , can be bounded by 
ecfl^x), and additionally that 

(106) Sj [ ds^(W s )Y -S t ( I dsMWs)) 1 < e. 



Moreover, by Lemma El if k > the contribution to (|105|) coming from t — 6 < 
t < t can be made smaller than e^^^x) by choice of 5 > 0, which we also assume 
fixed from now on. 
We let 



(107) fc^ := VW^ 

and note that t — t > M/k 2 whenever t — S > r and k > fc j^Qfl - Now let := 
/fjT|V /fj^]V ^E1 V ^2"H1 V ^ ITuTt - ^ remains to show that 

r / r M/k2 \7 

k d - 2 g~< jdy £ x l T <t 8wMWt- T ){k 2 J dsd 1/k (W s -y)S t - T - sV (W s )) 
- cj dr S r (S t - r (p) 1+7 (x) < e(f>j^x) for fc > Jfi%\, x eR d . 

This will be done in three steps by the triangle inequality. The steps are prepared 
in Lemmas II 81 to l2"Ul 
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In the first step note that by Lemma IT%I we have, for all k > /{f^and x e M' 

r / r M/k2 \ 

k d - 2 Q< Jdy £ x l T < t £ w MWt-r) (fc 2 y o d80 1/k (W a -y)St- r -.<p(W a )) 



(108) 



( 



M/k 2 

l :i I ds>d 1/k {W s -y)S t - TV {y) 
o 



We may therefore continue, using the Markov property, 

, ,M/fc 2 

fc d "V Jdy £ x lr<tSwMWt-r)[k 2 I ds^ 1/k (W s -y)S t - T ip{y) 

r / r M / k2 \7 

(109) = k d - 2 gi Jdy £ x l T < t (S t ^(y)y £w T (k 2 J dstf 1/k (W s - y)j 

X £ W M/k 2V(W t ^ M /k2) 

As a second step, by Lemma ITT)! we have, for all k > /^jand x € R rf , 
k d - 2 g^ Jdy £ x lr<t (S t - T <p(y)y 

rM/k 2 



£ w Ak I ds-di /k {W s -y) \ Ey/ y{W t -T-M/k*) - <^Pt-rV (y) 
< e^^x). 

By (|10(j|) we have, using cjttoj := ^(Jg 00 ote ■d 1 (W s )) y , 

k d ~ 2 Q~ ( Jdy£ x i T < : t(St-T<p(y)y <figp t -T<p(y) - cirmSt- T <p(y) < e^^x). 

In the third step we recall that, by LemmalJOl for all k > and x £ M. d , 
Q' y c^k d ~ 2 JdyJiT x (dr)(St-r'p{y)f +7 - c^g^J S r {S t - r f) 1+1 {x) < efa^x), 
and this completes the proof of Proposition El D 



3.3. Convergence of variances. In this section we establish that the variances 
with respect to the medium for the solutions of the linearized integral equation 
vanish asymptotically. 

Proposition 21 (Convergence of variances). For every fi € Mtem satisfying 
the assumption in Theorem [21 for if G C^ xp and t > 0. 



k — *oo 



lim \Za,Tk" n(dx)£ x (p(W t )exp -k 2 ~ d+H Q ds T 1 {kW s ) S t ^ s <p (W s ) 
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The remainder of this section is devoted to the proof of this proposition. Recall- 
ing the definition of T 1 , the variance expression in Proposition 12 II equals 



(110) k 2 " Jfi(dx) hidy)E^EMW^{W?) 
x I Eexp 



f T(dz) k 2 - d+ * e I ds <&i{kWl - z) S t - S <p {WD 

J i=l,2 Jo 

Y[ Eexp[- fr(dz)k 2 - d+>c g f ds tfi(fcWj - z) S t -,(p (Wj) 



i=l,2 " 

where (W 1 , 1 ^ 2 ) is distributed according to V X ®V V . Exploiting the Laplace func- 
tional J7J) of r, (|110() can be rewritten as 



x exp 



(in) k 2 * I v(dx) I f i(dy)e x ®e y <p(w t 1 )<p(wi) 

Idz fc^-^vf k 2 f ds d^kWl - z)S t - 

ldztf"-*>* f Q r y2 (k 2 f ds ^{kWl - z) S t . 
<=i,a J ° 



exp 



Note that by the elementary inequality 

(112) (a + b)'> < a'> + b'> fora,fe>0, 

the argument in the first exponential expression is not smaller than the argument 
in the second one. Therefore we may apply the elementary inequality 

(113) e _a -e~ h < b-a for < a < b, 

and a z substitution to get for the non-negative total expression in (|lll|l the upper 
bound (we may drop from now on the factor g 1 ) 



(114) k *K+{*-d)i+d i dz J^da)jii{dy)e x ®e y ip{wl)^{yvf) 

]T (fc 2 f da $y k {Wi ~ z) S t -.<p (Wl)] 

1=1.2 ^° 

- ( s *L 

i=l,2 Jl> 



ds § 1/k (W t 3 -z)S t - a cp(W l s ) 



It remains to show that (|114|l converges to zero as k f oo. The proof rests solely 
on the fact that the square bracket expression vanishes if one of the motions does 
not hit the ball B(z, 1/k). For simplification, write now rfW"] for the first hitting 
time T^ k [W z ] of B(z, 1/fc) by the Brownian motion W l . Hence, we get the bound 

(115) k 2K+(*-dh+d L z J^ dx) J^ d y)£ x ®£ y l {T[wl] < t} l {T{W 2 Kt} 

x v(Wl) V (W 2 ) £ (k 2 fds 6 1/k (Wi - z) St-M (Wl))\ 
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where we dropped the subtracted term. Interchanging expectation and summation, 
and using independence, we obtain 

(116) k 2«+(«-dh+<i f dz L {dx) L {dy) £ £ x l {rm < t} <p(Wt) 

J J J j=l,2 

x (k 2 J ds d l/k {Wl - z) S t ^ {Wl)) 1 £ y l {r[wi] < t} y>(Wi), 
where j = 3 — i. Then we may bound (|116H by 

(117) ffi*+t*-dh+d J dz 07 (z) J^ dx) J Kdy) £ x l Mwi] < t} <p(W!) 



i=l,2 



x (k 2 j^ ds d 1/k {Wl - z)J £ y l {T{W i]<t} <p(Wi). 
By Lemma ITTl there are constants c j^^^l and c j^-[^ such that, for all x, y £ R d , 

(118) £ y l M Wi]<t} <p(Wi) < c m k 2 - d ^z) [\z - y\ 2 ~ d + 1] , 
and 

(119) £ x l {T[wi] < t} (k 2 J^ ds $i /k {Wl - zjf<p{Wt) 

< c|ng0^)[l + |«- a :| 2 - f ]A! 9 - <i . 

Assume for the moment that d > 5. Then, by H4()|l and Lemma El for each A > 
there is a constant c Ji^q^ = c |l2Q| (A), such that 



(120) jdz <Mz) [1 + \z - x\ 2 ~ d ] [l + \z- y\ 2 - d ] < cjnnj [l 



+ \x-y\ i - d ] 



If d = 3, the left hand side of l|12(J|) is even bounded in x, y. In fact by 14U|) 
and Cauchy-Schwarz, it suffices to consider the singularity Jj z i<]d2 |z| 2 ( 2 ~ d ) < oo. 
Finally, if d = 4, by gOJ> and Lemma El estimate <|120|) holds if \x - y\ 4 ~ d is 
replaced by log + (|x — y| _1 ) . If we extend definition i|16|) by setting en(x) := 1 in 
the case d = 3, then we can combine the last three steps to obtain that for each 
A > there is a constant e ffort = c jf2Tl (A), so that for all d > 3, 

(121) Jdz <j> x (z) [l + \z- x\ 2 - d ] [l + \z- y\ 2 - d ] < cix^TJ [1 + en(x - y)] . 
Based on (|118|l , (|119|l and (|121|l , from (|117|l we get the upper bound 

(122) k 2 *+^- d ^+ d fc 4 - 2d jn{dx) 4>^x) J \i{dy) ^y) [l + cn(x - y)] . 

By our condition on [i, the latter integral is finite. Moreover, 2x + (k — d)j + d + 
4 — 2d < 2 — d+ x. But the last expression is negative, finishing the proof. □ 
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3.4. Upper bound for finite-dimensional distributions. We use an induction 
argument to extend the result from the convergence of one-dimensional distributions 
to all finite dimensional distributions. Recall that we have to show that, for any 
(fi,...,ip n and = to < t± < ■ ■ ■ < t n , in P-probability, 



n 

limsupE Mfc exp[^fc*(x£ - S U fi, -(pi) 



(123) 



i=l 



< exp 



,1+7 



The case n = 1 was shown in the previous paragraphs, so we may assume that it 
holds for n — 1 and show that it also holds for n. By conditioning on {X k (t) : t < 
Ui-i} and applying the transition functional we get 



n 

E Mfc exp[]Tfc~(x£-S tiM , - n ) 



i=l 



(124) = E^exp 



k*(X* - S ul i, -</>t) 



j=l 



where u k is the solution of H66JI with <p replaced by ip n . Separating the non-random 
terms yields 



exp 



(S' t7l _ 1 /i, fe"St n -t n _ 1 ¥'n - U k {t n - t n -x)) 



(125) xE^exp k "( X U ~ S UV, -Vi) 

- i=l 

+ k"(x* n l - S^-iA*. -ipn-l - k~ M U k (t n - tn-x)) 

By Theorem for n — 1 with starting measure St n _ 1 fJ- 1 in P-probability, 



(126) 



lim sup exp 

k]oo 

< exp 
= exp 



(St n _iju, k* ' S tn -t n -i<Pn - u k (t n - t„_i)) 
c^Stn-iMjy dr S r {St n -t n ^-r(Pn) 1+1 ) 

c/fi, dr S r (S tn - r (f„) 1+7 \ 



The remaining expectation can be written as 



E^exp ^^(Xl-Sun, -tpt) 

- i=l 

+ k*(Xt n l - S tn _ 1 fJL, S tn -t n _±(Pn - k~*u k {t n - t n -i)\ 



■2C, 
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To dominate this term observe that, by the induction assumption, in P-probability, 

n-2 



limsupE^exp]^ k x (X% - S u n, -<pi) 



+ k >t (Xt ri _ 1 - S tn _ 1 ^, -(Pn-l - S^-t^ipn) 

11 — 2 „ti ri— 1 

i=l J ti-i j-i 

t n — 1 . . . " 

dr S r ((St rl _ 1 - r ip n -l + St Tl _ 1 - r S tn -t n ^ 1 fn) 7 J ) 

We show below that in P-probability the following convergence in law holds: 



(128) < exp 



(129) exp 



1. 



Observe that limsup m | oc ^ m < a in probability for some a, and £ m =>■ 1 in law 
implies limsup^^ £ m Cm < a in probability. Hence (|128fl and (|129|l together imply 
that l|127[l is asymptotically bounded from above by 

n— 2 n— 1 

C < 



exp 



(130) 



i=i J h-i j=i 



+ dr S r [(St n _ 1 -r'Pn-l + S tn -rfn) 1+1 ^ 



Putting together (|126fl and (|13UI) yields the claimed statement subject to the proof 
of 

To prove H129|) it suffices to show that, for any a > 1, 



(131) E^exp 



converges in P-probability to 1. Using the Feynman-Kac representation H67J1. the 
expectation in (|131|l equals 



exp( fi,ak i< £ x (St n -t n - 1 tPn(Wt n _ 1 ) -k * u k (t n - t n -i, W tn _ 1 )) 



(132) 



x ( 1 — exp 



■2-d 



'drT^kW^Uuitn-i-^Wr)])), 



where U k is the solution of (|66() with <p replaced by a(St n -t n _ 1 <fin ~~ k * u k (t n 
tn-i))- It therefore suffices to show that 



(133) 



(fi, ak ie £ x (S tn - tn _ 1 (pn(W tn _ 1 ) - k * u k (t n - t„_ x , W tn _J) 



x ^1 — exp 



. 2-d 



fn-i 



dr T\kW r )U k {t n ^ - r,W r )\) 



converges in /^(P) to zero. As this term is non-negative and as 
(134) 

U k (t n -i-r) < ak* e S tn - r (St n -t n -i l Pn - kT* u k {t n - t n -i)J < ah* S tn - r <p n ■. 
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(135) 



x ^1 — exp 



— ak 



2-d+>c 



dr T^kW^St^-r^niWr) 



converges to zero. The first factor in the expectation can be expressed using the 
Feynman-Kac representation (|67|l of uj. , which gives 



a Jfi{dx) E£ x (k ie £w tn _ x t fn{W tn -t n - 1 ) 



(136) 



x ^1 — exp 
x ( 1 — exp 



• 2-d 



dr r\kW r )u k (t n - t n -! - r,W r ) 



tn-l 



ak 2-d+x / dr Y 1 (kW r )S tn -rVn{W r ) 

Jo 



which again is dominated by 



a Jn(dx) E£x(k x £w tn _ 1 'Pn(Wt n -t n - 1 ) 



(137) 



x ^1 — exp 
x ^1 — exp 



"\kW r )S tn . tn _^ r ip n (W r )^j 



Jo 

r t„-i 

ak 2-d+x / dj , T 1 (kW r )S tn -rtPn{W r ) 

Jo 



We can now multiply the factors out and obtain 



a J fi(dx) E£xk*£w i , n _ 1 <Pn(Wt n -t n _ 1 ) 

rt„-t„_i 



(138a) x 

(138b) 

(138c) 



ak 



1 — exp 

+ (l — ex P 
— ( 1 — exp 



2-d+x 



ak 



2-d+x 



dr r 1 (fcVK r )5 t „_ t „_ 1 _ r ^„(VK r )]) 
1 dr Y 1 {kW r )S tn - rVn {W r ) 



rt„-t„-i 

- ak 2 - d+ " / dr T 1 (A:W r )^„_ t „_ 1 _ I .^ n (W r ) 

Jo 

r t„-i 

- ak 2 - d+ " / dr T 1 (kW r )S trl -r'Pn(W r ) 
Jo - 1 
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We can now determine the limit in each of the three summands (|138aj) to (|138c|) 
separately. For the first one we obtain from Proposition as k | oo, 



a J fi(dx)E£ x k ie £w tn _ 1 <Pn(Wt n -t n _ 1 ) 

rt n — t„_i 



x ( 1 — exp 



ak 



2-d+K 



(139) 



=> a / /j,(dx) £ x c 

fc T°° J JQ 



dr r 1 (AW , P )5 tn _t B _ 1 -r^(W , r)]) 
dr 5 r (aS , t7l _ t „_ 1 _ I .( y 9 n ) 1+7 (W t?l _ 1 ) 

= ca 2+7 ^/i,^ dr S r (St n -rfn) 1+ ' > y 
Similarly, the second one, l|138b|l . converges by Proposition^] as k f oo, 
a Ui{dx) E£ x k 3< £ Wtn _ i ip n (Wt n -t rl _ 1 ) 



(140) 



x ( 1 — exp 



ak 



2-d+x 



tn-1 



t„-i 



=> a I n(dx)c I dr S r (St n _ 1 -r{aSt n -t n _ 1 Vn)) 1+7 (x)\ 

fcToo J J J 



= ca 2+7 (^, 



/ dr S , r (S' tn _,.( ( 9„) 1+7 y 



Finally, the last expression l|138c[) equals, using Proposition^] to take the limit as 

k t oo, 



a (i(dx)E£ x k*ip n (W tn ) 



(141) 



x ( 1 — exp 



— ak 



2-d+x 



dr THkW^St^rMWr) 



kloo 



ca 



2+7/ 



^/i, / dr S r (S tn - r ip n ) 1+ ' i y 



Comparing the right hand sides of (|139|l to i|141|) shows that they cancel completely, 
which proves (|135fl and completes the argument. 



4. Lower bound: Proof of JI 

4.1. A heat equation with random inhomogeneity. As motivated in Sec- 
tion w e look at the mild solution to the linear equation 



(142) 



mk(t,x) = ^Amk(t,x) — k 2 d gT 1 (kx)w 2 ,(t,x) 



d 

—m k [t,x) = 3 . 

with initial condition mfe(0, ■ ) = k*ip. 



This is a heat equation with the time-dependent scaled random inhomogeneity 
— k 2 ~ d pr 1 (/ca;) u^(i, x). We study its asymptotic fluctuation behaviour around the 
heat flow: 
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Proposition 22 (Limiting fluctuations of mu ). Under the assumptions of 
Theorem^ if xr = x c , then for any tp £ C^ xp and t>0, in P -probability, 

(143) limmf(/z,fc^-mfc(V)) > cU, f dr S r ((S t _ r¥ ,) 1+7 )V 

feToo \ _/ n / 



where the constant c — c(j, g) is given by 
2n d / 2 



(144) 



:= 7g 7 



dG(d/2) 



£q<8>£o 



dr MW}) 



dr tf 2 (W* 



7-1 



To see how the case n = 1 of i(19() follows from Proposition[221 we fix a sample T. 
Recall that 

(145) logE Alfc exp[fc^((X t fe ,-^) - (Stn,-<p))] = (n, k*S t <p-u h (t, •)>, 
where solves 

(146) k"St(p(x) - u k (t,x) = k 2 - d g [ d8S a (r l (k')uftjb-8, -))(x). 

Jo 

As uf. > w 2 . , we obtain from ((142(1 , 



(147) 



k* St<p fa) — Uk(t,x) > k*St<p fa) — OTfe(t, x). 



Hence, the case n = 1 of ((19(1 follows from Proposition [221 

Proposition[22]is proved in two steps: In Section l4~2l we show that the right hand 
side of \ 143(1 is an asymptotic lower bound of the expectations of the left hand side, 
and in Section 14.31 that the variances vanish asymptotically. 

4.2. Convergence of expectations. Fix again t > and ip £ C^ xp . 
Proposition 23 (Convergence of expectations). For c as in I] 144(1 . 

(148) liminfE(/i,fc^-m fe (V)) > cU, f dr S r ((S t - r <p) 1+ ^)). 

fe|oo \ Jq I 

The remainder of this section is devoted to the proof of this proposition. Set 

(149) M x {x) := E(k*S t tp(x)-m k (t,x)) for x £ K d , 
and for y £ R d , < s < t, 



(150) 



dr •dx{kW r -y)St-s-r<p{W r ) > 0. 



Lemma 24 (Dropping the exponential). For each 5 > and for fr 
Lemma 1161 



Mi (a;) - fc 2 T" 2 7 ^ dz £ x / ds di{kW s - z) £ Ws <p{W^ s ) £ Ws <p{W?_ s ) 



(151) x {l s {z,W l ) + I s (z,W 2 )f 1 

for all x £ R d and k>l. 



< 



fa), 



x exp 



-k 2 - 
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Proof. By ()142(l and the Feynman-Kac representation l|68|) . 

(152) E(k*S t tp{x) -m k (t,x)) = k 2 ~ d gE£ x [ dsT 1 {kW s )w 2 {t - s,W 3 ) 

Jo 

= k 2 - d+2 * Q E£ x f dsT 1 (kW s )£ w MWl s )£wMW^ s ) 
Jo 

j>t—S 

g drT 1 {kWl)S t - s ^(Wl) 
Jo 

pt—s 

g / drT^kW^St^^iW 2 ) , 
Jo 

where W 1 and W 2 are independent Brownian motions starting from W s . By the 
definition © of T 1 this equals 

(153) k 2 - d+2>t gE Jv(dz)£ x J ds d x (kW s - z) £ Ws <p{W}_ s ) £ Ws ip(W?_ s ) 

xexp - Jr(dy)k 2 - d +^g( K I s (y,W 1 )+I s (y,W 2 )) . 
Recall that for measurable cp,ip > 0, 

(154) E(T,¥>) e-< r '^ = 7 fdz <p(z) V 7 " 1 ^) exp[- fdy^{y) 



(cf. |DF921 Section 4]) and fc2-d+2^ fc (2-d+^)( 7 -i) _ ^,27-2 for x = ^ _ Applying 
this to l|153|) yields 



x (i^W 1 ) + I s {z,W 2 )f 1 exp - /dy ^-^^(/.(y.W^+J.d/.W 2 ))' 



2\\1 



By the inequality 1 — e a < a we have 

Mi(;r) - k^- 2 1Q ^ Jdz £ x j ds e^kW, - z)£ w MW?- a )£wMWt-.) 

x {l s {z,W l ) + I s {z,W 2 )?- 1 
< k 2 ^- 2 k^- d+>t ^jg^ fdz £ x f ds <&!(kW s - z) £wMW?- s ) £wMW?- s ) 



x (i^W 1 ) + I s (z,W 2 )f 1 \dy g^I^W^+I^W 2 )) 



t2\\1 



Applying l|112|) to the last integrand and using the symmetry in W 1 , W 2 , we see 
that the right hand side in the former display does not exceed 



2k 2 ^ 2 k ( - 2 ~ d+ ^ 7 g 21 \dz \dy £ x \ ds di{kW s - z) £ Wa ip(Wl_ s ) £ Ws tp(W 2 _ s ) 

x (I s (z, W 1 ) + I s (z, W 2 )) 1 - 1 !^ W 1 ) 7 . 
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We now drop I s (z,W 2 ) and evaluate the expectation with respect to W 2 , obtain- 
ing the upper bound 

(155) 2k 2 '<- 2 k^- d+ ^< 1 q 2 ^ Jdz Jdy £ x J ds <&i{kW 8 - z) S t -.<p (W s ) 
Applying the Markov property at time s and time-homogeneity, this equals 



2fc 2 ^- 2 fc( 2 - d +^ 7 g 2 T Jdz Jdy £ X J ds MkW s - z) S t - a <P {W s ) 
x f{Wt)[ f dr d^kWr - z) St-rV (WV)) 7 ^ f dr 0i(*W r - y) S t - r <P (W r )^ 



The last factor can be bounded by ( Io(y, W)) 7 . Then we integrate with respect to 
s and obtain 

2k 2 ^' 2 k^ 2 ' d+ ^ q 2 ~< Jdz Jdy £ x ip{Wt)(J dr$ 1 {kW r -z)S t - r ip{W r )j l 

x(I (y,W)f = 2k 2 ^ 2 k^ 2 - d+ ^ g 2 ^£MWt)[Jdy I {y,Wy 
Using now Lemma llfil we arrive at 

M x (x) - k 2 ^ 2 7 e i Jdz £ x J^ ds $x{kW s - z) £ Ws <p(W?_ s ) £ Wa ip{W?_ s ) 

< m 2g 2 -< k 2 ~<- 2 kV- d+ ^ k 4 -^ +s ^x) = m 2 e 2 ~< k 8 -* 4>^x), 
finishing the proof. □ 
It remains to find the limit of 

(156) fc 2 ^" 2 7 Q 1 Jdz £ x J ds di(kW s - z) SwMWt-,) £w.<p(Wt-a) 

x (I.(z,W 1 ) + I a (z,W*)) 1 '-\ 

Substituting z kz gives 

fc27-2+<* 7 £7 f dz£x f dsd l/k {W s -z)£ w MWl s )£ W MWl s ) 



dr 



#i/k(W? - z) S t - s - rV + $ 1/k (W? - z) S t _ s _ r¥ > (W 2 ) 



7-1 



Fix x, z € M. d and < s < t for a while and consider 
g k {s,x,z) := k^- 2+d 1 £ x # 1/k (W s -z)£ w MW t 1 - s )£wMWl a ) 



dr 



^l/k(W^ - Z) St- a -r<p (W p X ) + d 1/k {W 2 - Z) S t - s - r <p (W 2 ) 



7-1 



Lemma 25. 



liminf gk(s,x, z) > cp s (x - z) (S t - S ip (z)) 



1+7 
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The lemma immediately implies Proposition l23l Indeed, applying Fatou's lemma 
we get 



liminf hi(dx) dz / dsg k (s,x,z) > hi(dx) dz / ds liminf gk{s, x, z) 
fc T°° J J Jo J J Jo fc T°° 

> c [ ds(n, S s (S t ^) 1+ ^). 
Jo 

Proof of Lemma nSl Shifting the Brownian motions, 

g k (s,x,z) = k 2 '<~ 2+d 1 £ x d 1/k (W s - z)£ z <p{Wt_ s + W S - z)E zV {Wt- s + W s - z) 
x(J o dr 1/k {W} + W S - 2z) S t - s - r tp (W; 1 + W s - z) 

+ j dr $ l/k {W 2 + W S - 2z) S t ^- r cp (W 2 + W s - z)f~' . 
By the uniform continuity of (p, 

(157) Jim sup \<p(Wi_. + W.-z)-<p(Wt_.)\ = 0, 

fcToo \w 3 -z\<l/k 

and by ® , 

(158) lim sup \St- s -MW l t _ s +W s -z)-St- s -MWi_ s )\ = 0, 

k 7°° \W„-z\<l/k 

we get 

g k (s,x,z) = k 2 ^ 2+d (7 + o(l)) £ x ti 1/k (W s - z) £MWl s ) £MWl s ) 
x ( jf dr ^(W/ + W s - 2z) S t ^ r ^ {W*) 

+ J dr $ l/k {W 2 + W S - 2z) S t ^ r ip(W 2 )J^ . 
By the triangle inequality, i?i/ fe (W; + W S - 2z) < ^ 2 /fe(W / ] - z). Hence, 

fffcfoz,*) > k 2 ^ 2+d ( 7 + o(l)) ^fy fc (W.-*)£ a p(W/_J£M^-a) 
x ^ tfa/jkOV? - z) S t _ s _ r ^ (W, 1 ) 

nt-s S7-1 

+ y ^ tf 2/fe (W 2 - z) S t _ s _ r¥ > (W 2 )\ . 
Calculating the expectation with respect to W gives 

7^/2 

(159) £ x # 1/k (W s -z) = G(1 + d/2) k- d Ps (x-z)(l + o(l)). 
Using i|158|) once more we obtain 

7^/2 

g k (s,x,z) > k 2 -'- 2 ( 7 + 0(1)) G(1 - d/2) Ps(x - z) EMwls) £Mwl s ) 

x (J dr [ifykflV? - z) + 2 /*(W? - z)] S t _ s _ r p (z)) 7_1 . 

Define events 

(160) A l k {z) := {\W l r -z\ > 1/fcVr > 1/k}. 
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Evidently, 



£MWl s )£MWl s )( f dr [ti 2 /k(Wj: - z) + d 2/k {W 2 - z)] S t _ fl _ r¥ *(z)) 



7-1 



>£MW}- a )£MWt-.) 

x (y dr [$ 2/k (W' -z) + d 2/k {W 2 - z)] S t . s . rV 1 A 1( Z M( Z) 

/ f 1 / k \7-l 

> £MWl s )£MWl s )( / dr [d 2 / k (Wl -z) + $ 2/k {W 2 - z)) S t - S -Mz) 



2£ 



/ r x l k \7-i 

: <p(W t 1 _ s )£MWl s )[ dr$ 2/k {W 1 r -z)S t ^ rV {z)) (l-l A j w ). 



We calculate the expressions in the last two lines separately. For the first line we 
get, by the Markov property at time 

»l/fc ! 

£ z ' ' 



ipQVl.) SMW?- a ) ( j n dr [# 2/h (W; -z) + d 2/k (W 2 - z)] S t - s - r <p (z)) 
■£ ®£n( 



dr [$ 2/k (Wl) + ^ 2/k (W 2 )] S t — r <p{z) 

x S t - a - 1/k <p (z + Wl /k ) S t -.-i/k<P (z + Wl /k ). 

By (I38JI . this equals asymptotically 



(S t ^ s ip{z)) 1+1 £ Q ®£ Q { I dr [02 /k {W?)+0 3/k (W?)] 



i/fc 



7-1 



(S t - S <p(z)) 1+1 k 2 - 2 ^£ ®£o( I dr [MW^ + MW 2 )] 



7-1 



where in the last step Brownian scaling was used. Therefore the first line is asymp- 
totically equivalent to 

a 00 \7 1 

dr[MW^)+MW 2 )] 

Turning now to the second line, 

/ C X / k \7-l 

2£MWl s ) £MWL S ){ J dr d 2/k {W 1 r - z) S t _ s _ r ^ (z)J (1 - l A j w ) 
= 2{S t ^{z)) 1 (l + o(l))£MWl s )[ / dr d 2/k {Wl - z)) (1-1^)), 

** 

where the expectation with respect to W 2 was evaluated, and (|38f) was used. Re- 
calling that if is bounded and applying Cauchy-Schwarz we obtain an upper bound 



(162) cjrna (p (^(o) c )) 



>V2 



fc 2 - 27 



P (3r > fc : \W r \ < l) 



1/2 



S>( / dr V 2 (W})) 



27-2' 



1/2 



Since the expectation is bounded and the probability goes to zero, H162JI is o(k 2 27 ). 
Together with this proves the lemma. □ 
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4.3. Convergence of variances. 

Proposition 26 (Convergence of variances). For every fi € VWtem satisfying 
the assumption in Theorem [21 for Lp G C^t xp and t > 0, 



(163) 



lim Var hi(dx) k^Stip(x) — rrik(t,x) 



= 0. 



The remainder of this section is devoted to the proof of this proposition. We 
may set g — 1. Recall that 

k*SMx) -m k (t,x) = k 2 - d+2>t E x f ds fv(dz) i?i(fcW s - z) 



x £ Ws <8> £wMWt-.) <P{W?_,) exp [ - k 2 - d+ " jT(dz) (I s (z, W 1 ) + I s (z, W 2 )) 
Define 

(164) M 2 (x,x) := E(k"S t ip{x)-m k (t,x))(k"S t ip(x)-m k (t,x)). 

Similarly to (|154|> . for measurable tpi,(f 2 ,tp > 0, 



E(r,^)(r,^ 2 ) = 7(1-7) dz Vl {z) V2 {z)^- 2 {z) 



dy 4> J (y) 



exp 



+ 7 2 / dzi ipi(z\) ip 1 1 (z 1 ) Jdz 2 (p 2 (z 2 ) V" 7 1 (^2) exp - Jdy^iy) 
Applying this formula, we get 

(165) M 2 {x,x) = M 21 (x,x) + M 22 (x,i), 

where 

M 21 (x,x) := 1 (l~ 1 )k i - 2d+i *kS 2 - d+ ^-V £ x ®£ x f ds f d~s fdz 

Jo Jo J 

d^kWs - z) ih{kW s - z) £ Ws ®£ w MWl s MWl s ) £w s ^£wM W t-sMW 2 _ s ) 
x (l s (z, W 1 ) + I s (z, W 2 ) + h(z, W 1 ) + I~ s (z, W 2 )^ " 



and 



x exp 



k^ 2 - d+ ^ [dy (l s (y,W l ) + I s {y,W 2 )+h(y,W l ) + h(y,W 2 )j 



M 22 (x,x) := 1 2 k A - 2d+ ^k l ?- d +^- 2 ^£ x ®£ i j ds J d~s jdz Jdz 

MkW s - z) d^kWs - ~z) £ Ws ® £wM w t- s MWt- s ) £w s ^^wM^t-sM W ?-i) 
x (l,(z, W 1 ) + I s (z, W 2 ) + I- S (z, W 1 ) + I s {z, W 2 )^j 

x (is&W 1 ) + I 3 {z,W 2 ) + h&W 1 ) + I- s {z,W 2 )Y 1 

xexp ~k^ 2 - d +^Jdy (isiyiW 1 ) + I s (y,W 2 ) + hiy.W 1 ) + I s (y,W 2 )J 

The following Lemmas 1271 and 12*81 together directly imply Proposition 1261 
Lemma 27. 

lim hi(dx) UJ,(dx) M 2 i(x,x) = 
fcT°° J J 
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Lemma 28. 

limsup Li(dx) hi(dx) [M 22 (x, x) - M 1 (x)M 1 (x)} < 0. 

k]oo J J 

Proof of Lemma 1271 By definition of the critical index x = x c , 
(166) 4 - 2d + 4x + (7 - 2) (2 - d + x) = x - 2 + 2 7 . 

Dropping the exponential in M 2 i(x, x) and I s (z, W 2 ) + I s (z, W 2 ) gives 

M 21 (x,x) < k^- 2+2 ^ 1 {l~ 1 )£ x ®E i [ ds [ ds [dz X (kW 3 - z) i? x (kW s - z) 

Jo Jo J 

£w s ® £wMWl s MW 2 _ s ) £^® £wMWt-sMW t 2 _ s )(l s (z, W^+hiz, w 1 )) 1 ' 2 . 

By independence of all Brownian paths, it follows that the expression in the second 
line in the previous formula is bounded by 

St- s cp(W s ) St-~ s y{W s )£wMWt- s )£wMWt-s) (*.(*» W 1 ) + I- S (z, W 1 )^ 2 . 
By the Markov property, 

M 21 (x,x) < k"~ 2+2 T7(l - 7) Em <8 SMWtMWt) 

x [dz [ ds [ ds 0i(fcW, - z)#t(kW s - z) S t - s ip(W s ) St-M^s) 
J Jo Jo 

f ft ft \7-2 

x (J dr ti^hWr - z) S t - r ip(W r ) + J dr &i(kW r - z) S t -r(p(W r ) 

Carrying out the integration over s and s gives 

k"- 2+ * 1 '£ x ®£ Si <p(Wt)<p(Wt) 

[dz(l (z, Wr + h(z, Wy - (l Q (z, W) + I (z, W)f 

Changing the integration variable k ~-* kz, we obtain 

ffi(dx) Jn(dx)M 21 (x,x) < k"- 2+d Jdz J^(dx) J ii{dx) £ x ® £ x ip{W t )<p{W t ) 

(k 2 [ ds d 1/k {W, - z) S t - S <p (W S )Y + (k 2 [ ds d 1/k (W, - z) S t ^ s ip (W s jj 



IS J d s 
k 1 [ ds 



$i/ k {W s - z) S t - S p (W s ) + 1/fc (W, - z) S t ^ s ip (W s ) 



The right hand side of this inequality coincides with l)114[l . since 2x+(x— d)-f + d = 
x — 2 + d, hence converges to zero. □ 
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Proof of Lemma EU Dropping some non-negative summands, we get 
M 22 {x,x) < k 4 ~>~ 4 7 2 £ x ® £ £ J ds J dS Jdz Jdz 

Mkw s - z) Mkw s - z) £ We ® £wMw}-Mw?-.)£w, ® £ w ^(wI s mw?_ s ) 

x (l s (z, W 1 ) + I s (z, W 2 ))^ 1 (l- s (z, W 1 ) + 7,(2, Ty 2 )) 7 " 1 



x exp 



fc7 (2-d+>r) 



dy W 1 ) + 7 s (y, VF 2 ) + I s (y, W 1 ) + J 8 (y, W^ 2 ) 



On the other hand, 



M t {x) = k 2 ^~ 2 j£ x / ds dzMkW s -z)£ w MWl s )£wMW?_ s ) 



dykl 2 - d+ *»(l a (y,W l ) + I a (y,W 2 )y 



x (I^W 1 ) + I s (z,W 2 )y 'exp 

Taking the difference, applying inequality (|113fl and using symmetry, we get 

M 22 (x,x) - M 1 {x)M 1 {x) < fc 47 " 4 7 2 £ x ® £ x J ds J dS Jdz Jdz 
MkW s - z)MkW s - z)£ Wa ® SwMWL s MW?_ s )£fr s ® ^'pfWt-sM^-s) 
x (l s (z, W 1 ) + I s {z, W 2 )) 1 ' 1 (l s (z, W 1 ) + l s (z, W 2 )) 1 - 1 

x k^ 2 - d +^4 [dy {isiy.W 1 )) 1 . 



Dropping further non-negative summands and using again the Markov property 
we get the bound 

4fc4 7 -4 fc (2-d+x) 7 7 2 Sx(g) £ _ J dg J ds J dz J d ~ 

Mkw s - z) Mkw~ s - ~z) s t -Mw s ) St-itptypg) v {w t ) <p(w t ) 



x( / dr &i(kW r - z) St-MWrtf ( 



dr MkW r - I) St-MWr)^ 



x jdy (y dr d x {kW r - y) S t -MW r )j' 
Carrying out the s and s integration, we obtain 

4 fc 4 7 -4 fc (2-d+^ 7 £ x ® £ £(p (w t ) <p(W t ) Jdz Jdz 

X ( f dr $i{kW r -z)S t -MW r )y( I dr $x{kW r - z) S t ~MW r )J 



x jdy H dr hQcWr - y) St-MW^J 
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We collect identical terms, use the boundedness of (p, and obtain, up to a constant 
factor, the bound 



(167) fc 47-4 fc (2-d+*b Extp (W t ) 



By Lemma IT2T b) with 77 = 7, 



dz(f dr &i(kW r - z)S t - r ip(W r )y 



x Ex 



s /dz ( / dr MkWr - S)) 1 - 



Si <p(W t ) jds(j dr ^(kW r - 5)) 

= k d ~^ Jdz £ iV {W t )(k 2 J^dr MkW r - fcz)) 7 < ^k 2 ' 2 ^ cb^x), 



and by Lemma llfil 



Jdz(J Q dr MkW r - z)S t ^MW r )J < <^k 4 -^ +s cp^x). 

x and cho< 



Noting that 47 — 4+(2 — d + >*r)7 + 6 — 67 = — x and choosing S < x, we obtain, up 
to a constant factor, the upper bound k s ~ 1 'cf))^x) <j)^^x). The proof is completed 
by integration. □ 



4.4. Lower bound for finite-dimensional distributions. The proof is analo- 
gous to the upper bound in Section l3.4l Again we use induction to show that, for 
any <pi,...,<p n and = to < t% < ■ ■ ■ < i n , in P-probability, 



(168) 



liminfE^expf Jlk"(x£ - S til i, -tpA 

k— >oo L z — J 

i=l 



> exp 



i=l 



1 1+7 



For the case n = 1 this was shown in the previous paragraphs, so we may assume 
that it holds for n — 1 and show that it also holds for n. By conditioning on 
{X k (t) : t < t n -i} and applying the transition functional we get 



E„ fc exp -fl^, -<Pi) 

i=l 



(169) 



exp 



k " ''S tn -t n ^n - U k (t n - t n -l)) 



xE^exp k *( X U ~ S UH, -<Pi) 
- i=i 
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where Uk is the solution of (|66|l with tp replaced by ip n . By Theorem for n = 1, 
in P-probability, 



(170) 



lim inf exp 

k]OQ 

> exp 



(»S' t „_ 1 /X, k* : S tn -t n _ l tPn ~ U k (t n - t n -l)) 



The remaining expectation can be written as 

- n-2 

E^exp 



(171) 



J2 fc*<*£ - S U fi, 
i=l 

+ k*(X^ n i - S tn _ l fi, -</3„-i - 5't„-t„_i^r 1 ) 



To estimate this term from below observe that, by the induction assumption, in 
P-probability, 

n-2 

hminfE^expf ^ - S U fx, -tpi) 
'°° i=i 

+ fc >f (X t fe ri _ l - S tn _ 1 fi, -<Pn-l - S tn -t n _iWn) 



(172) 



> exp 



n— 2 n—1 

-(^>X) / rfr ^((X]' s '^- r ^') 1+7 ) 



dr 5 r ( (S tn _ 1 -r t Pn-l + S tn _ 1 - r St rl -t rl - 1 ( Pr. 



,1+7 



In 1129(1 it was shown that in P-probability, 



(173) 



exp 



k" ( X tn _ 1 - S tn _ lh l, Stn-tn-Mr. 



' U k {t r , 



tn.-l 



kloo 



1. 



As liminfjnioo £ m > a in probability, for some a > 0, and £ m 
liminfmioo £ m Cm > a in probability, this completes the proof. 



1 in law, implies 
□ 
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